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Because of the three-axis stability requirement, I2 must be greater
than I1, which is equivalent to ¸0

1 > ¸0
2 . Consequently, the resonant

lengths for the roll motion are shorter than the resonant lengths for
the pitch motion. The results, shown in Fig. 2, are summarized in
the following inequalities:
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Referring to Fig. 2, tether lengths L < 250m and L > 1km are safe
because they are clear of unmodeled frequencies. Another inter-
esting point is that the pitch and the roll stiffness are equal when
4K1 C 3¸1 D 3K2 C 3¸2 . In case of large stiffness control parame-
ters, this equality implies¸1 D ¸2 or I1 D I2 . This conditionmust be
avoided to prevent a possiblenonlinear resonance in pitch–roll. The
general condition k.4K1 C 3¸1/ D l.3K2 C 3¸2/, for integers k and
l , may also lead to natural resonances. A tethered gravity-gradient
satellite is free of this problem because the frequencies

p
3 and 2

are well separated and are noncommensurate.

III. Concluding Remarks
The passive attitude stabilization by means of a tether ap-

pears promising for Earth-pointingsatellites with moderate-to-high
pointing accuracies.The preliminary investigationpresented in this
Note points out the following main results.

The control/restoring torque is strong enough for the pitch–roll
responses. A linear controller cannot provide a direct yaw control
torque. The yaw control may be designed by using the linear or the
nonlinear coupling or by installing a reaction wheel if a better yaw
responseis required.The pitch is very stable,evenfor con� gurations
with I3 > I2 > I1 , as opposed to a nontetheredgravity-gradientsta-
bilized satellite. The three-axis stability region covers most of the
plane I2 > I1. The DeBra–Delp gyric stability disappears. More-
over, there is a tradeoff to be made betweenstability and disturbance
rejection when the tether length is selected. Although a long tether
provides large restoring torque, a short tether is better for � ltering
out high frequencies.A long tether makes the system very stiff and
sensitive to external disturbances. The pointing accuracy may be
better for a longer tether in an unperturbed circular orbit, but un-
avoidable environmental perturbations acting on the tether will be
transmitted to the satellite and affect its pointing accuracy. Typi-
cal satellite-tethercon� gurations are outside the orbital eccentricity
resonance region. However, parametric resonances as a result of
interaction between the satellite and the tether � exible modes may
occur for some con� gurations and must be examined carefully for
each design.
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I. Introduction

O PTIMIZATION of atmospheric � ight trajectories has been of
great interest for many decades. Time-optimal trajectories in

the horizontal plane have been investigated either with soft con-
trol constraints,1;2 via a quadratic penalty in the cost, or with hard
constraints,3¡5 i.e., with strictlyboundedcontrol functions.The pre-
vailing optimization method has been the minimum principle.

This work considers the planar time-optimal trajectory problem
with hard control constraints and under the assumption of constant
aircraft velocity, which simpli� es the problem considerably.4 The
case with no wind is investigated thoroughly in Ref. 3, where it
is shown that the optimal trajectories are composed of bang, i.e.,
maximum turn rate, and singular, i.e., level � ights with zero turn
rate, segments with a maximum number of four turns. Shapira and
Ben-Asher5 proposed the problem of introducing winds into the
formulation.Unfortunately,closed-form expressionshave not been
obtained in the presence of winds, even for the restricted bang–

singular–bang trajectories5 (a simple case recommended in Ref. 3
for practical applications).

The main objective of the present research is to develop an op-
timization technique to obtain planar time-optimal trajectories in
the presence of winds. As opposed to all previous publications on
this topic, the approach taken is not based on the minimum prin-
ciple. Instead, it employs a parameterization technique, originally
developed for a class of bilinear systems,6 which � ts nicely to the
problem of interest. The technique transforms the problem into a
� nite dimensional optimization problem.

The problem is formulated in Sec. II. Section III analyzes the
problem and makes the mentioned transformation to the � nite di-
mensional space.Finally, representativenumerical results that man-
ifest the nature of the solution are given in Sec. IV, and the conclu-
sions are drawn in Sec. V.

II. Problem Formulation
Assuming constant velocity (more precisely, constant true air

speed) and constant altitude, the aircraft equations of motion in
the horizontal plane can be written as

Px.t/ D V cos[¾ .t/] C Wx .t/
(1)

Py.t/ D V sin[¾.t/] C Wy.t/; P¾.t/ D u.t/

where x.t/ and y.t/ are displacements with respect to the ground,
V is the true air speed, and Wx .t/ and Wy .t/ are components of the
wind velocity. No position dependence, i.e., homogeneous wind
� eld, is assumed; ¾.t/ is the heading angle of the aircraft; and
u.t/ is the control variable. We assume that u.t/ is constrained by
u.t/ 2 [¡b; b].

The optimizationproblemis to � nd thecontroltime history,which
drives the system (1) from a given initial condition fx.0/ D x0,
y.0/ D y0, ¾ .0/ D 0g to a required target point fx.T / D xT , y.T / D
yT , ¾ .T / D ¾T ¸ 0g while minimizing the transition time T .
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Notice that the � nal headingalso is given, as is the case in aircraft
approachinga landingrunwayandotherapplications.For simplicity,
we restrict the discussion to nonnegative ¾T . For negative � nal-
heading cases, the analysis is virtually the same, with some minor
changes.

III. Problem Analysis
Assuming constantwind velocities,by integratingEq. (1), we get

x.T / D x0 C V
T

0

cos[¾ .t/] dt C Wx T

(2)

y.T / D y0 C V
T

0

sin[¾ .t/] dt C Wy T

Remark: We can considerany integrablefunctions [Wx .¢/, Wy .¢/]
de� ned on the time segment instead of the constant wind compo-
nents and continue along the same lines. Notice, however, that the
important case of position-dependentwinds is not considered here.
Let us introduce the following replacement:

¾.t/ D
t

0

u.¿/ d¿ D
T

0

u.¿/ d¿ ¡
T

t

u.¿ / d¿ D ¾T ¡ z.t/ (3)

We have to � nd u.¢/ such that

T

0

8[z.t/] dt D Ä; 8.z/ D
V cos.¾T ¡ z/

V sin.¾T ¡ z/
(4)

Ä D
xT ¡ x0 ¡ Wx T

yT ¡ y0 ¡ Wy T

for the possible minimum T .
Notice the properties of the absolutely continuous function z.¢/ :

[0; T ] 7! R, de� ned by

z.t/ D
T

t

u.¿ / d¿

One can see that z.0/ D ¾T , z.T / D 0, and Pz.t/ 2 [¡b; b] a.e. Let ZT

be the set ofall scalarabsolutelycontinuousfunctionsz.¢/ de� nedon
[0; T ] such that z.0/ D ¾T , z.T / D 0, and Pz.t/ 2 [¡b; b] a.e. Let ZlT

be the set of all piecewise linear functions z.¢/ : [0; T ] 7! R such
that z.0/ D ¾T , z.T / D 0, and Pz.t/ 2 f¡b; 0; bg a.e. One can show
that ZlT is dense in ZT , i.e., any function in ZT can be approxi-
mated with any desired precision by a function in ZlT . Thus, we
can consider our problem on the set ZlT (instead of ZT ). Moreover,
we have the following theorem.6;7

Theorem: Let 8.¢/ be a continuous n-dimensional function, i.e.,
8.¢/ : R 7! Rn ; then, for any z.¢/ 2 ZT , there exists Nz.¢/ 2 ZlT such
that

T

0

8[z.t/] dt D
T

0

8[Nz.t/] dt (5)

and the number of switches fa switch is de� ned by a point in time
where [dNz.t/]=dt changes its valueg is no more than 2.n C 2/.

Proof: The proof is given in Refs. 6 and 7.
For our case, n D 2; therefore, the number of switches is no more

than 2.n C 2/ D 8 and the number of zero-slope segments is no
more than three.Moreover,it can beproved7 that Fig. 1 describesthe
general solutionto this problem,where zm; zM are the minimum and
maximum values of Nz, respectively, and any other structure can be
transformedto anequivalentoneof this form,with identicalterminal
time. Let ¿i ; zi denote the duration and the value, respectively, of
the i th zero-slope segment. It is easy to see that

Ä D 1
b

0

zm

8.Nz/ dNz C
zM

¾T

8.Nz/ dNz C
zM

zm

8.Nz/ dNz

C
3

i D 1

¿i 8.zi / (6)

Fig. 1 Piecewise linear optimal solution.

where 8.¢/ is de� ned in Eq. (4) and where the variables f¿i ; zi ; zm ,
zM ; T g should satisfy

zM 2 ¾T ;
¾T C bT

2
; zm 2 ¾T ¡ bT

2
; 0

zM ¡ zm 2 ¾T ;
¾T C bT

2
; zi 2 [zm ; zM ]

¿i ¸ 0;

3

i D 1

¿i D .¾T C bT / ¡ 2.zM ¡ zm/

b

SubstitutingEq. (4) into Eq. (6) and performing the integration,we
obtain

Ä D
V

b

2 sin.¾T ¡ zm/ ¡ 2 sin.¾T ¡ zM / ¡ sin.¾T /

¡2 cos.¾T ¡ zm / C 2 cos.¾T ¡ zM / C cos.¾T / ¡ 1

C
3

1

V ¿i

cos.¾T ¡ zi /

sin.¾T ¡ zi /
(7)

The problem is, therefore, to � nd f¿i ; zi ; zm; zM ; T g (may not be
unique) that satisfy Eq. (7) while minimizing T . Notice that this is a
parameter optimizationproblem with nine unknowns. There are 15
linear inequality constraints, 9 of which are simple bounds on the
parameters, and 3 simple linear equality constraints. Finally, there
are two more nonlinear equality constraints [Eq. (7)] that render the
programming problem nonlinear.

Remark: In comparison to the results of Ref. 3, obtained by more
standard methods, our method increases the number of unknown
variables from four (as required by Ref. 3) to nine. However, the
proposed technique solves the problem with virtually the same ef-
fort, even when winds are present, a case not considered in Ref. 3.
Moreover, the nine variables parameterize all possible trajectories,
whereas the four variables are suf� cient for speci� c patterns, e.g.,
bang–bang–bang, bang–singular–bang.

Having solved this problem, one can easily construct the corre-
sponding function Nz.¢/ as in Fig. 1 (with zm its minimum, zM its
maximum, and zi the constant values along time intervals of length
¿i ) such that the function N¾ .t/ D ¾T ¡ Nz.t/ t 2 [0; T ] is piecewise
linear:

d N¾.t/

dt
2 f¡b; 0; bg

has no more than eight switching moments, and the trajectory gen-
erated by the control

Nu.t/ D
d N¾.t/

dt

satis� es Eq. (2).

IV. Numerical Examples
We search for optimal trajectories for a vehicle characterized

by V D 984 ft/s, b D 0:2 rad/s, with initial position at the origin
and a required target point fxT D 8000 ft, yT D 14;500 ft, ¾T D 0g.
Notice thatmultiplesof2¼ alsoare consideredas legitimateterminal
headings.
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Fig. 2 Bang– level–bang trajectory, without wind (suboptimal).

Fig. 3 Bang–bang–bang trajectory, without wind (optimal).

The MATLAB® Optimization Toolbox is employed to � nd the
optimal set of parameters f¿i ; zi ; zm; zM ; T g. The numerical code
is based on the sequential quadratic programming method, and it
may only give local solutions.The convergencewas extremely fast
(only a few CPU secondson a Pentium processorcompared to a few
CPU minutes required by a direct parameter optimization method
such as differential inclusion8 ), rendering the algorithmsuitable for
possible real-time applications.

With zero wind velocity, two locally optimal solutions exist, as
shown in Figs. 2 and 3. The former is a bang– level–bang trajectory,
and the elapsed time is 48.24 s; the latter is a bang–bang–bang type
for which the elapsed time is 42.83 s and therefore is the global
minimum. It turns out that, in this case, more switches do not yield
any additional local minima.

Letting the wind velocity be 150 ft/s in the x direction only, i.e.,
Wx D 150 and Wy D 0, the new locally optimal solutions are shown
in Figs. 4 and 5. Now, for the bang–bang–bang case, the elapsed
time is 46.20 s, whereas in the bang–level–bang case, it takes only
46.19 s to reach the target.

Fig. 4 Bang–level–bang trajectory, with wind (optimal).

Fig. 5 Bang–bang–bang trajectory, with wind (suboptimal).

V. Conclusions
The wind effect improves the performance in one case and de-

gradesit in theother, renderingboth trajectoriescomparablein terms
of the transition time. We conclude that winds may change the char-
acter of the optimal trajectory and almost always affect the cost,
either improving or degrading the performance.
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Introduction

T HE identi� cation of turbofan engine dynamics as a multivari-
able piecewise linearmodel, alongwith modelinguncertainties

from turbofan engine control system nonlinear model data, is nec-
essary for developing advanced algorithms of sensor/actuator fail-
ure detection/isolation/accommodation and robust optimal control.
Some gas turbine models have been identi� ed. A number of pa-
pers and reports on engine identi� cation and parameter estimation
have been discussed in the survey by Merrill et al.1 An algorithm
based on least-squares estimation and nonlinear dynamic � ltering
was highlighted. The model was multivariable, and noise was in-
troduced to simulate stochastic I/O data. The maximum likelihood
method was applied to simulated open-loop and actual closed-loop
engine data.2 A nonlinear programming techniquewas used to esti-
mate matrix parameters of a state-spaceaircraft model.3 A two-step
estimation approach for nonlinear systems with unknown process
and measurement-noise covariances was applied to simulated air-
craft response data.4 A parameter identi� cation algorithm based
on smoothing test data with successively improved sets of system
modelparameters5 and themaximumlikelihoodmethodusingtheV-
Lambda square-root� ltering technique6 decrease the numerical dif-
� culties.There also were some identi� cationeffortsin the frequency
domain7 and even in the quanti� cationof parametricuncertainty.8 In
the time domain, the identi� cation of model parameters and associ-
ated uncertaintieswas made for robust9 or recon�gurable10 control
design.

In this work, a new estimation procedure is used to estimate both
unknown piecewise linear model matrix parameters and matrix pa-
rameterslimitingmodelinguncertainties.Theseuncertaintiesare the
differencesbetween nonlinearand linear models and not uncertain-
ties in the nonlinearmodel itself.Therefore, the purposeof this work
was the development of an identi� cation method for linear model
parametersand uncertaintiesin the time domainfromnonlinearsim-
ulation data, its application, and demonstration using a real case.

Identi� cation of a Piecewise Linear Model
The detailed nonlinear models of different aircraft engines and,

in particular, of a modern twin-spool afterburning turbofan engine,
may be presented approximately as

Pxabs D f.xabs; uabs; ALT; MN/ (1)

Received Sept. 30, 1996; revision received June 2, 1997; accepted for
publication July 1, 1997. Copyright c° 1997 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

¤Research Associate, Faculty of Aerospace Engineering.E-mail: merberl
@techunix.technion.ac.il.

yabs D g.xabs; uabs; ALT; MN/ (2)

where xabs is a state vector, uabs is a control vector, and yabs is an
output vector; and system functions f and g are nonlinear real-
value vector functions. A model of this type is used to obtain re-
sponse data at arbitrary operating points. Three variables—altitude
(ALT), Mach number (MN), and power-leverangle (PLA)—are suf-
� cient to completely de� ne each operating point.

A set of linear models, along with a description of modeling
errors (uncertainties) at several selectedoperating points, is a piece-
wise linear model that can describe engine behavior at all operating
points. Each linear model is assumed to be described by the follow-
ing discretized equations:

x.k C 1/ D .A § 1A/x.k/ C Bu.k/ (3)

y.k/ D .C § 1C/x.k/ C Du.k/ (4)

where x is an n-dimensional state deviation vector, u is an m-
dimensional control deviation vector, and y is an l-dimensional
output deviation vector that does not include state deviation vec-
tor components. In other words, x D xabs ¡xsta; u D uabs ¡ usta, and
y D yabs ¡ysta are the vectors of deviationsfrom steady-statevalues;
xsta; usta, and ysta are the vectors of steady-state values that corre-
spond to one of the operatingpoints; k D 0; : : : ; N ¡1 corresponds
to t0; : : : ; tN ¡ 1 , at tk C 1 D tk C 1t ; and 1t is a uniform sampling
time.

We want to estimate unknown matrices A; B; C , and D and un-
known matrices with positive elements 1Amax; 1C max based on the
assumption that

0 · 1ai j · 1amax
i j ; i D 1; : : : ; n; j D 1; : : : ; n (5)

0 · 1ci j · 1cmax
i j ; i D 1; : : : ; l; j D 1; : : : ; n (6)

We � rst determine static model matrix parameters for each selected
point of the static curve. If the states are steady near the point,

x D K x u (7)

y D K yu (8)

and the columns of matrices K x and K y may be determined from
the detailed nonlinear engine simulation of response to given scalar
step inputs by each component of the control vector. Let us assume
that

B D .I ¡ A/K x (9)

D D K y ¡ C K x (10)

The matrices A; C and 1Amax; 1Cmax then may be estimated
from the discrete data of the nonlinear model simulated response
Qx.k/; k D 0; : : : ; N and Qy.k/; k D 0; : : : ; N ¡ 1 to Qu.k/; k D
0; : : : ; N ¡ 1 corresponding to PLA step inputs near a selected op-
erating point. Obviously, we cannot use the data corresponding to
k D 0 if Qx.k/ D 0. This estimationimpliessolvinga linearprogram-
ming problem for each row of matrices A; 1Amax .Ai ; 1Amax

i ; i D
1; : : : ; n/:

Ai ; 1Amax
i : min ±; ± ¸

n

j D 1

1amax
i j j Qx j .k/j; k D 1; : : : ; N ¡ 1

n

j D 1

1amax
i j j Qx j .k/j ¸ Qxi .k C 1/ ¡ Ai Qx.k/

¡ K x
i ¡ Ai K

x Qu.k/ ; k D 1; : : : ; N ¡ 1

1amax
i j ¸ 0; j D 1; : : : ; n (11)


